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HIGHER ORDER REDUCTION THEOREMS
FOR CLASSICAL CONNECTIONS AND NATURAL
(0,2)-TENSOR FIELDS ON THE COTANGENT BUNDLE
JOSEF JANYSˇKA
Abstract. We generalize reduction theorems for classical connections to operators with
values in k-th order natural bundles. Using the first reduction theorem in order two we
classify all (0,2)-tensor fields on the cotangent bundle of a manifold with a linear (non-
symmetric) connection.
1. Introduction
It is well known that natural operators of linear symmetric connections on manifolds and
of tensor fields which have values in bundles of geometrical objects of order one can be
factorized through the curvature tensors, the tensor fields and their covariant differentials.
These results are known as the first (the operators of connections only) and the second
reduction theorems. The history of the first reduction theorem comes back to the paper by
Christoffel, [1], and the history of the second reduction theorem comes back to the paper
by Ricci and Levi Civita, [11]. For further references see [9, 12, 16]. In [12] the proof
for algebraic operators (concomitants) is given. In [5] the first and the second reduction
theorems are proved for all natural differential operators by using the modern approach of
natural bundles and natural differential operators, [8, 10, 15].
In this paper we generalize the reduction theorems for natural operators which have values
in higher order natural bundles.
As an example we discuss natural (0,2)-tensor fields on the cotangent bundle of a manifold.
In this paper we use the terms ”natural bundle” and “natural operator” in the sense
of [5, 8, 10, 15]. Namely, a natural operator is defined to be a system of local operators
AM : C
∞(FM) → C∞(GM ), such that AN(f
∗
F s) = f
∗
GAM(s) for any section (s : M →
FM) ∈ C∞(FM) and any (local) diffeomorphism f : M → N , where F,G are two
natural bundles and f ∗F s = Ff ◦ s ◦ f
−1. A natural operator is said to be of order r if,
for all sections s, q ∈ C∞(FM) and every point x ∈ M , the condition jrxs = j
r
xq implies
AMs(x) = AMq(x). Then we have the induced natural transformation AM : J
rFM → GM
such that AM(s) = AM(j
rs), for all s ∈ C∞(FM). The correspondence between natural
operators of order r and the induced natural transformations is bijective. In this paper we
shall identify natural operators with the corresponding natural transformations.
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Any natural bundle F of order r is given by its standard fibre SF which is a left G
r
m-
manifold, where Grm = inv J
r
0 (IR
m, IRm)0 is the r-th order differential group. A classification
of natural operators between natural bundles is equivalent to the classification of equivariant
maps between standard fibers. Very important tool in classifications of equivariant maps is
the orbit reduction theorem, [5, 7, 8]. Let p : G → H be a Lie group epimorphism with the
kernel K, M be a left G-space, N,Q be left H-spaces and pi : M → Q be a p-equivariant
surjective submersion, i.e. pi(gx) = p(g)pi(x) for all x ∈M , g ∈ G. Having p, we can consider
every left H-space N as a left G-space by gy = p(g)y, g ∈ G, y ∈ N .
Theorem 1.1. If each pi−1(q), q ∈ Q is a K-orbit in M , then there is a bijection between
the G-maps f :M → N and the H-maps ϕ : Q→ N given by f = ϕ ◦ pi.
2. Preliminaries
Let M be an m-dimensional manifold. If (xλ), λ = 1, . . . , m, is a local coordinate chart,
then the induced coordinate charts on TM and T ∗M will be denoted by (xλ, x˙λ) and (xλ, x˙λ)
and the induced local bases of sections of TM and T ∗M will be denoted by (∂λ) and (d
λ),
respectively.
Definition 2.1. We define a classical connection to be a connection
Λ : TM → T ∗M ⊗
TM
TTM
of the vector bundle pM : TM →M , which is linear and torsion free.
The coordinate expression of a classical connection Λ is of the type
Λ = dλ ⊗
(
∂λ + Λλ
µ
ν x˙
ν ∂˙µ
)
, with Λµ
λ
ν = Λν
λ
µ ∈ C
∞(M , IR) .
Classical connections can be regarded as sections of a 2nd order natural bundle ClaM →
M , [5]. The standard fibre of the functor Cla will be denoted by Q = IRm⊗⊙2IRm∗, elements
of Q will be said to be formal classical connections , the induced coordinates on Q will be
said to be formal Christoffel symbols and will be denoted by (Λµ
λ
ν).
The action α : G2m ×Q→ Q of the group G
2
m on Q is given in coordinates by
(Λµ
λ
ν) ◦ α = (a
λ
ρ (Λσ
ρ
τ a˜
σ
µa˜
τ
ν − a˜
ρ
µν))
where (aλµ, a
λ
µν) are the coordinates on G
2
m and ˜ denotes the inverse element.
Note 2.2. Let us note that the action α gives in a natural way the action
αr : Gr+2m × T
r
mQ→ T
r
mQ
given by the jet prolongation of the action α.
Remark 2.3. Let us consider the group epimorphism pir+2r+1 : G
r+2
m → G
r+1
m and its kernel
Br+2r+1 = Ker pi
r+2
r+1. We have the induced coordinates (a
λ
µ1...µr+2
) on Br+2r+1 . Then the restriction
α¯r of the action αr to Br+2r+1 has the following coordinate expression
(Λµ1
λ
µ2 , . . . ,Λµ1
λ
µ2,µ3...µr+2) ◦ α¯
r
= (Λµ1
λ
µ2 , . . . ,Λµ1
λ
µ2,µ3...µr+1,Λµ1
λ
µ2,µ3...µr+2 − a˜
λ
µ1...µr+2
) ,
where (Λµ1
λ
µ2 ,Λµ1
λ
µ2,µ3 , . . . ,Λµ1
λ
µ2,µ3...µr+2) are the induced jet coordinates on T
r
mQ.
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The curvature tensor of a classical connection is a section R[Λ] : M → WM := T ∗M ⊗
TM ⊗ ∧2T ∗M with coordinate expression
R[Λ] = Rν
ρ
λµ d
ν ⊗ ∂ρ ⊗ d
λ ∧ dµ ,
where the coefficients are
Rν
ρ
λµ = ∂µΛλ
ρ
ν − ∂λΛµ
ρ
ν + Λµ
σ
νΛλ
ρ
σ − Λλ
σ
νΛµ
ρ
σ .
Let us note that the curvature tensor is a natural operator
R[Λ] : C∞(ClaM )→ C∞(WM)
which is of order one, i.e., we have the associated G3m-equivariant mapping, called the formal
curvature map of classical connections,
R : T 1mQ→W := ST ∗⊗T⊗∧2T ∗
with coordinate expression
(wν
ρ
λµ) ◦ R = (Λλ
ρ
ν,µ − Λµ
ρ
ν,λ + Λµ
σ
νΛλ
ρ
σ − Λλ
σ
νΛµ
ρ
σ) ,(2.1)
where (wν
ρ
λµ) are the induced coordinates on the standard fibre W = IR
m∗⊗ IRm⊗∧2IRm∗.
Let VM be a first order natural vector bundle over (i.e., VM is some tensor bundle over
M). Let us put VrM = VM⊗⊗
rT ∗M , V (k,r)M = VkM ×
M
. . .×
M
VrM , V
(r)
M := V (0,r)M .
Let us denote by V = IRn or Vr or V
(k,r) the standard fibres of VM or VrM or V
(k,r)
M ,
respectively.
The r-th order covariant differential of sections of VM with respect to classical connections
is a natural operator
∇r : Jr−1ClaM ×
M
JrVM → VrM .
We shall denote by the same symbol its corresponding Gr+1m -equivariant mapping
∇r : T r−1m Q× T
r
mV → Vr .
We shall put
∇(k,r) := (∇k, . . . ,∇r) : Jr−1ClaM ×
M
JrVM → V (k,r)M
and the same for the corresponding Gr+1m -equivariant mapping. Especially ∇
(r) := ∇(0,r).
Remark 2.4. For any section σ : M → VM we have
Alt(∇2σ) = pol(R[Λ], σ) ,(2.2)
where Alt is the antisymmetrization and pol(R[Λ], σ) is a bilinear polynomial. Namely,
Alt(∇2R[Λ]) is a quadratic polynomial of R[Λ].
If (vA) are coordinates on V , then (vA, vAλ, . . . , v
A
λ1...λr) are the induced jet coordinates
on T rmV (symmetric in all subscripts) and (V
A
λ1...λr) are the canonical coordinates on Vr,
then ∇r is of the form
(V Aλ1...λr) ◦ ∇
r = vAλ1...λr + pol(T
r−1
m Q× T
r−1
m V ) ,(2.3)
where pol is a quadratic homogeneous polynomial on T r−1m Q× T
r−1
m V .
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Remark 2.5. Let us recall the 1st and the 2nd Bianchi identities of classical connections
given in coordinates by
R(ν
ρ
λµ) = 0 , Rν
ρ
(λµ;σ) = 0 ,
respectively, where ; denotes the covariant differential with respect to Λ and (. . . ) denotes
the cyclic permutation.
3. The first k-th order reduction theorem
Let us introduce the following notations.
Let W0M := WM , WiM = WM ⊗ ⊗
iT ∗M , i ≥ 0. Let us put W (k,r)M = WkM ×M
. . . ×M WrM , k ≤ r. We put W
(r)
M = W (0,r)M . Then WiM and W
(k,r)
M are natural
bundles of order one and the corresponding standard fibers will be denoted byWi andW
(k,r),
respectively, where W0 := W , Wi = W ⊗⊗
iIRm∗, i ≥ 0, and W (k,r) =Wk × . . .×Wr.
We denote by
Ri : T
i+1
m Q→ Wi
the Gi+3m -equivariant map associated with the i-th covariant differential of curvature tensors
of classical connections
∇iR[Λ] : C∞(ClaM)→ C∞(WiM) .
The map Ri is said to be the formal curvature map of order i of classical connections.
Let Ci ⊂ Wi be a subset given by identities of the i-th covariant differentials of the
curvature tensors of classical connections, i.e., by covariant differentials of the Bianchi iden-
tities and the antisymmetrization of second order covariant differentials, see Remark 2.4 and
Remark 2.5. So Ci is given by the following system of equations
w(ν
ρ
λµ)σ1...σi = 0 ,(3.1)
wν
ρ
(λµσ1)σ2...σi = 0 ,(3.2)
wν
ρ
λµσ1...[σj−1σj ]...σi + pol(W
(i−2)) = 0 ,(3.3)
where j = 2, . . . , i and [..] denotes the antisymmetrization.
Let us put C(r) = C0 × . . .× Cr and denote by C
(k,r)
r(k−1)
, k ≤ r, the fiber in r(k−1) ∈ C(k−1)
of the canonical projection prrk−1 : C
(r) → C(k−1). For r < k we put C
(k,r)
r(k−1)
= ∅. Let us note
that there is an affine structure on the projection prrr−1 : C
(r) → C(r−1), [5].
Then we put
R
(k,r) := (Rk, . . . ,Rr) : T
r+1
m Q→W
(k,r) , R(r) := R(0,r) ,(3.4)
which has values, for any jr+10 γ ∈ T
r+1
m Q, in C
(k,r)
R(k−1)(jk0 γ)
. In [5] it was proved that C(r) is a
submanifold in W (r) and the restriction of R(r) to C(r) is a surjective submersion. Then we
can consider the fiber product T kmQ×C(k−1) C
(r) and denote it by T kmQ× C
(k,r).
First we shall prove the technical
Lemma 3.1. If r + 1 ≥ k ≥ 0, then the restricted map
(pir+1k ,R
(k,r)) : T r+1m Q→ T
k
mQ× C
(k,r)
is a surjective submersion.
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Proof. To prove surjectivity of (pir+1k ,R
(k,r)) it is sufficient to consider the commutative
diagram
T r+1m Q
R(r)
−−−→ C(r)
πr+1
k
y
yprrk−1
T kmQ
R(k−1)
−−−−→ C(k−1)
All morphisms in the above diagram are surjective submersions which implies that for any
element jk0γ ∈ T
k
mQ the restriction of R
(r) to the fibre (pir+1k )
−1(jk0γ) is a surjective submersion
of the fibre (pir+1k )
−1(jk0γ) on the fibre (pr
r
k−1)
−1(R(k−1)(jk0γ)) ≡ C
(k,r)
R(k−1)(jk0 γ)
which proves that
the mapping (pir+1k ,R
(k,r)) is surjective. To prove that (pir+1k ,R
(k,r)) is a submersion we shall
consider the above diagram for k = r. From the formal covariant differentials of (2.1)
it follows, that R(r,r) = Rr is an affine morphism over R
(r−1) (with respect to the affine
structures on pir+1r : T
r+1
m Q → T
r
mQ and pr
r
r−1 : C
(r) → C(r−1)) which has a constant rank.
So the surjective morphism (pir+1r ,Rr) : T
r+1
m Q → T
r
mQ × C
(r,r) has a constant rank and
hence is a submersion. (pir+1k ,R
(k,r)) is then a composition of surjective submersions. 
Let F be a natural bundle of order k ≥ 1, i.e., SF is a left G
k
m-manifold.
Theorem 3.2. Let r + 2 ≥ k. For every Gr+2m -equivariant map
f : T rmQ→ SF
there exists a unique Gkm-equivariant map g : T
k−2
m Q× C
(k−2,r−1) → SF satisfying
f = g ◦ (pirk−2,R
(k−2,r−1)) .
Proof. Let us consider the space Sr := IR
m ⊗⊙rIRm∗ with coordinates (sλµ1µ2...µr). Let
us consider the action of Grm on Sr given by
s¯λµ1µ2...µr = s
λ
µ1µ2...µr − a˜
λ
µ1...µr
.(3.5)
From Remark 2.3 and (3.5) it is easy to see that the symmetrization map σs : T
r
mQ→ Sr+2
given by
(sλµ1µ2...µr+2) ◦ σs = Λ(µ1
λ
µ2,µ3...µr+2) ,
is equivariant.
We have the Gr+2m -equivariant map
ϕr := (σr, pi
r
r−1,Rr−1) : T
r
mQ→ Sr+2 × T
r−1
m Q×Wr−1 .
On the other hand we define a Gr+2m -equivariant map
ψr : Sr+2 × T
r−1
m Q×Wr−1 → T
r
mQ
over the identity of T r−1m Q by the following coordinate expression
Λµ
λ
ν,ρ1...ρr = s
λ
µνρ1...ρr + lin(wµ
λ
νρ1...ρr − pol(T
r−1
m Q)) ,(3.6)
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where lin denotes a linear combination with real coefficients which arises in the following way.
We recall that Rr−1 gives the coordinate expression, given by formal covariant differentials
of (2.1),
Λµ
λ
ν,ρ1...ρr − Λµ
λ
ρ1,νρ2...ρr = wµ
λ
νρ1...ρs − pol(T
r−1
m Q) .(3.7)
We can write
Λµ
λ
ν,ρ1...ρr = s
λ
µνρ1...ρr + (Λµ
λ
ν,ρ1...ρr − Λ(µ
λ
ν,ρ1...ρr)) .
Then the term in brackets can be written as a linear combination of terms of the type
Λµ
λ
ν,ρiρ1...ρi−1ρi+1...ρr − Λµ
λ
ρi,νρ1...ρi−1ρi+1...ρr ,
i = 1, . . . , r, and from (3.7) we get (3.6).
Moreover,
ψr ◦ ϕr = idT rmQ .
Then the map f ◦ ψr : Sr+2 × T
r−1
m Q ×Wr−1 → SF satisfies the conditions of the orbit
reduction Theorem 1.1 for the group epimorphism pir+2r+1 : G
r+2
m → G
r+1
m and the surjective
submersion pr2,3 : Sr+1 × T
r−1
m Q × Wr−1 → T
r−1
m Q × Wr−1. Indeed, the space Sr+2 is a
Br+2r+1-orbit. Moreover, (3.5) implies that the action of B
r+2
r+1 on Sr+2 is simply transitive.
Hence there exists a unique Gr+1m -equivariant map gr−1 : T
r−1
m Q×Wr−1 → SF such that the
following diagram
Sr+2 × T
r−1
m Q×Wr−1
ψr
−−−→ T rmQ
f
−−−→ SF
pr2,3
y (πrr−1,Rr−1)
y idSF
y
T r−1m Q×Wr−1
id
T
r−1
m Q×Wr−1
−−−−−−−−−→ T r−1m Q×Wr−1
gr−1
−−−→ SF
commutes. So f ◦ ψr = gr−1 ◦ pr2,3 and if we compose both sides with ϕr, by considering
pr2,3 ◦ϕr = (pi
r
r−1,Rr−1), we obtain f = gr−1 ◦ (pi
r
r−1,Rr−1) .
In the second step we consider the same construction for the map gr−1 and obtain the
commutative diagram
(Sr+1 × T
r−2
m Q×Wr−2)×Wr−1
ψr−1×idWr−1
−−−−−−−−→ T r−1m Q×Wr−1
gr−1
−−−→ SF
pr2,3× idWr−1
y (πr−1r−2,Rr−2)×idWr−1
y idSF
y
T r−2m Q×W
(r−2,r−1)
id
T
r−2
m Q×W
(r−2,r−1)
−−−−−−−−−−−−→ T r−2m Q×W
(r−2,r−1) gr−2−−−→ SF
So that there exists a unique Grm-equivariant map gr−2 : T
r−2 ×W (r−2,r−1) → SF such that
gr−1 = gr−2 ◦ ((pi
r−1
r−2,Rr−2)× idWr−1), i.e., f = gr−2 ◦ (pi
r
r−2,R
(r−2,r−1)) .
Proceeding in this way we get in the last step a unique Gkm-equivariant map gk−2 : T
k−2
m Q×
W (k−2,r−1) → SF such that
f = gk−2 ◦ (pi
r
k−2,R
(k−2,r−1)) .
Putting g the restriction of gk−2 to T
k−2
m Q× C
(k−2,r−1) we prove Theorem 3.2. 
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In the above Theorem 3.2 we have find a map g which factorizes f , but we did not
prove, that (pirk−2,R
(k−2,r−1)) : T rmQ → T
k−2
m Q × C
(k−2,r−1) satisfy the orbit conditions,
namely we did not prove that (pirk−2,R
(k−2,r−1))−1(jk−20 λ, r
(k−2,r−1)) is a Br+2k -orbit for any
(jk−20 λ, r
(k−2,r−1)) ∈ T k−2m Q× C
(k−2,r−1). Now we shall prove it.
Lemma 3.3. If (jr0γ), (j
r
0 γ´) ∈ T
r
mQ satisfy
(pirk−2,R
(k−2,r−1))(jr0γ) = (pi
r
k−2,R
(k−2,r−1))(jr0 γ´) ,
then there is an element h ∈ Br+2k such that h . (j
r
0 γ´) = (j
r
0γ).
Proof. Consider the orbit set T rmQ/B
r+2
k . This is a G
k
m-set. Clearly the factor projection
p : T rmQ→ T
r
mQ/B
r+2
k
is a Gr+2m -map. By Theorem 3.2 there is a G
k
m-equivariant map
g : T k−2m Q× C
(k−2,r−1) → T smQ/B
r+2
k
satisfying p = g ◦ (pirk−2,R
(k−2,r−1)). If (pirk−2,R
(k−2,r−1))(jr0γ) = (pi
r
k−2,R
(k−2,r−1))(js0γ´) =
(jk−20 λ, r
(k−2,r−1)), then p(jr0γ) = g(j
k−2
0 λ, r
(k−2,r−1)) = p(jr0 γ´), so j
r
0γ and j
r
0 γ´ are in the
same Br+2k -orbit. 
It is easy to see that T k−2m Q× C
(k−2,r−2) is closed with respect to the action of the group
Gkm. The corresponding natural bundle of order k is J
k−2ClaM ×
M
C(k,r)M . Then, as a
direct consequence of Theorem 3.2, we obtain the first k-order reduction theorem for classical
connections.
Theorem 3.4. Let F be a natural bundle of order k ≥ 1 and let r + 2 ≥ k. All natural
differential operators f : C∞(ClaM)→ C∞(FE) which are of order r are of the form
f(jrΛ) = g(jk−2Λ,∇(k−2,r−1)R[Λ])
where g is a unique natural operator
g : Jk−2ClaM ×
M
C(k−2,r−1)M → FM .
Remark 3.5. From the proof of Theorem 3.2 it follows that the operator g is the restriction
of a natural operator defined on the natural bundle Jk−2ClaM ×
M
W (k−2,r−1)M .
4. The second k-th order reduction theorem
(2.2) defines for r = 2 the equation
(E2) V
A
[λµ] − pol(C0, V ) = 0
on C0 × V2 and for r > 2 the system of equations
(Er) V
A
µ1...[µs−1µs]...µr − pol(C
(r−2), V (r−2)) = 0
on C(r−2) × V (r).
The r-th Ricci subspace Z(r) ⊂ C(r−2) × V (r) is defined by solutions of (E2), . . . , (Er),
r ≥ 2. For r = 0 we put Z(0) = V and for r = 1 we put Z(1) = V (1). In [5] it was proved that
Z(r) is a submanifold in C(r−2)×V (r) and (R(r−2),∇(r)) : T r−1m Q×T
r
mV → Z
(r) is a surjective
8 JOSEF JANYSˇKA
submersion. For r > k − 1 we can consider the projection prrk−1 : Z
(r) → Z(k−1) and denote
by Z
(k,r)
zk−1
its fiber in zk−1 ∈ Z(k−1). Then we shall denote by T k−2m Q × T
k−1
m V × Z
(k,r) the
fiber product (T k−2m Q× T
k−1
m V )×Z(k−1) Z
(r) .
Lemma 4.1. If r + 1 ≥ k ≥ 1, then the restricted map
(pir−1k−2 × pi
r
k−1)× (R
(k−2,r−2),∇(k,r)) : T r−1m Q× T
r
mV → T
k−2
m Q× T
k−1
m V × Z
(k,r)
is a surjective submersion.
Proof. The proof of Lemma 4.1 follows from the commutative diagram
T r−1m Q× T
r
mV
(R(r−2),∇(r))
−−−−−−−→ Z(r)
πr−1
k−2×π
r
k−1
y
yprrk−1
T k−2m Q× T
k−1
m V
(R(k−3),∇(k−1))
−−−−−−−−−→ Z(k−1)
where all morphisms are surjective submersions. Hence (pir−1k−2 × pi
r
k−1) × (R
(k−2,r−2),∇(k,r))
is surjective. For k = r the map (R(r−2,r−2) = Rr−2,∇
(r,r) = ∇r) is affine morphism over
(R(r−3),∇(r−1)) with a constant rank, i.e., (pir−1r−2×pi
r
r−1)×(Rr−2,∇
r) is a submersion. (pir−1k−2×
pirk−1)× (R
(k−2,r−2),∇(k,r)) is then a composition of surjective submersions. 
Theorem 4.2. Let SF be a left G
k
m-manifold. If r + 1 ≥ k ≥ 1, then for every G
r+1
m -
equivariant map f : T r−1m Q × T
r
mV → SF there exists a unique G
k
m-equivariant map g :
T k−2m Q× T
k−1
m V × Z
(k,r) → SF such that
f = g ◦ ((pir−1k−2 × pi
r
k−1)× (R
(k−2,r−2),∇(k,r))) .
Proof. Consider the map
(idT r−1m Q×pi
r
k−1,∇
(k,r)) : T r−1m Q× T
r
mV → T
r−1
m Q× T
k−1
m V × V
(k,r)
and denote by V˜ (k,r) ⊂ T r−1m Q×T
k−1
m V ×V
(k,r) its image. By (2.3), the restricted morphism
∇˜(k,r) : T r−1m Q× T
r
mV → V˜
(k,r)
is bijective for every jr−10 γ ∈ T
r−1
m Q, so that ∇˜
(k,r) is an equivariant diffeomorphism. Define
R˜
(k−2,r−2) : V˜ (k,r) → T k−2m Q× T
k−1
m V × Z
(k,r)
by
R˜
(k−2,r−2)(jr−10 γ, j
k−1
0 µ, v) = (j
k−2
0 γ, j
k−1
0 µ,R
(k−2,r−2)(jr−10 γ), v) ,
(jr−10 γ, j
k−1
0 µ, v) ∈ V˜
(k,r). By Lemma 3.1 R˜(k−2,r−2) is a surjective submersion.
Thus, Lemma 3.1 and Lemma 3.3 imply that R˜(k−2,r−2) satisfies the orbit conditions for
the group epimorphism pir+1k : G
r+1
m → G
k
m and there exists a unique G
k
m-equivariant map
g : T k−2m Q× T
k−1
m V × Z
(k,r) → SF such that the diagram
V˜ (k,r)
(∇˜(k,r))−1
−−−−−−→ T r−1m Q× T
r
mV
f
−−−→ SF
R˜(k−2,r−2)
y (πr−1k−2×πrk−1,∇(k,r))
y idSF
y
T k−2m Q× T
k−1
m V × Z
(k,r) id−−−→ T k−2m Q× T
k−1
m V × Z
(k,r) g−−−→ SF
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commutes. Hence f ◦ (∇˜(k,r))−1 = g ◦ R˜(k−2,r−2). Composing both sides with ∇˜(k,r), by
considering R˜(k−2,r−2) ◦ ∇˜(k,r) = (pir−1k−2 × pi
r
k−1,∇
(k,r)), we get
f = g ◦ (pir−1k−2 × pi
r
k−1,∇
(k,r)) .

T k−2m Q× T
k−1
m V × Z
(k,r) is closed with respect to the action of the group Gkm. The corre-
sponding natural bundle of order k is Jk−2ClaM ×
M
Jk−1VM ×
M
Z(k,r)M .
Then the second k-order reduction theorem can be formulated as follows.
Theorem 4.3. Let F be a natural bundle of order k ≥ 1 and let r + 1 ≥ k. All natural
differential operators f : C∞(ClaM ×
M
VM) → C∞(FM) of order r with respect sections
of VM are of the form
f(jr−1Λ, jrΦ) = g(jk−2Λ, jk−1Φ,∇(k−2,r−2)R[Λ],∇(k,r)Φ)
where g is a unique natural operator
g : Jk−2ClaM ×
M
Jk−1VM ×
M
Z(k,r)M → FM .
Remark 4.4. The order (r− 1) of the above operators with respect to classical connections
is the minimal order we have to use. The second reduction theorem can be easily generalized
for any operators of order s ≥ r − 1 with respect to connections. Then
f(jsΛ, jrΦ) = g(jk−2Λ, jk−1Φ,∇(k−2,s−1)R[Λ],∇(k,r)Φ) .
Remark 4.5. If Λ is a linear non-symmetric connection on M , then there exists its splitting
Λ = Λ˜ + T , where Λ˜ is the classical connection obtained by the symmetrization of Λ and T
is the torsion tensor of Λ. Then all natural operators of order r defined on Λ are of the form
f(jrΛ) = f(jrΛ˜, jrT ) = g(jk−2Λ˜, jk−1T, ∇˜(k−2,r−1)R[Λ˜], ∇˜(k,r)T ) .
Remark 4.6. If g is a metric field on M , then there exists the unique classical Levi Civita
connection Λ given by the metric field g. Then, applying the second reduction theorem, we
get that all natural operators of order r ≥ 1 defined on g are of the form
f(jrg) = f(jr−1Λ, jrg) = h(jk−2Λ, jk−1g,∇(k−2,r−2)R[Λ]) = h(jk−1g,∇(k−2,r−2)R[Λ]) .
5. Natural (0,2)-tensor fields on the cotangent bundle
Typical applications of of higher order reduction theorems are classifications of natural
tensor fields on the tangent (or cotangent) bundle of a manifold endowed with a classical
connection or lifts of tensor fields to the tangent (or cotangent) bundle by means of a classical
connection, see [2, 3, 6, 13, 14].
As a direct consequence of Theorem 3.2, Theorem 4.3 and Remark 4.5 we get
Corollary 5.1. Let (M ,Λ) be a manifold endowed with a linear (non-symmetric) connection
Λ. Then any natural tensor field Φ on TM or T ∗M of order r is of the type
Φ(u, jrΛ) = Φ(u, Λ˜, j1T, ∇˜(r−1)R[Λ˜], ∇˜(2,r)T ) ,
where u ∈ TM or u ∈ T ∗M , respectively, Λ˜ is the classical connection given by the sym-
metrization of Λ and T is the torsion tensor of Λ.
10 JOSEF JANYSˇKA
Corollary 5.2. Let (M ,Λ,Ψ) be a manifold endowed with a linear (non-symmetric) con-
nection Λ and a tensor field Ψ. Then any natural tensor field Φ on TM or T ∗M of order
s with respect to Λ and of order r, s ≥ r − 1, with respect to Ψ is of the type
Φ(u, jsΛ, jrΨ) = Φ(u, Λ˜, j1T, j1Ψ, ∇˜(s−1)R[Λ˜], ∇˜(2,s)T, ∇˜(2,r)Ψ) ,
where u ∈ TM or u ∈ T ∗M , respectively.
As a concrete example let us classify all (0,2)-tensor fields on T ∗M given by a linear
(non-symmetric) connection Λ.
Theorem 5.3. Let (M ,Λ) be a manifold endowed with a linear (non-symmetric) connection
Λ. Then all finite order natural (0,2)-tensor fields on T ∗M are of order one and they form
a 14-parameter family of operators with coordinate expression
Φ =
(
A x˙λ x˙µ + C1 x˙λ Tρ
ρ
µ + C2 x˙µ Tρ
ρ
λ + C3 x˙ρ Tλ
ρ
µ(5.1)
+ F1 Tρ
ρ
λ Tσ
σ
µ + F2 Tσ
ρ
λ Tρ
σ
µ + F3 Tρ
ρ
σ Tλ
σ
µ
+G1 Tρ
ρ
λ;µ +G2 Tρ
ρ
µ;λ +G3 Tλ
ρ
µ;ρ
+H1Rρ
ρ
λµ +H2Rλ
ρ
ρµ
)
dλ ⊗ dµ
+B dλ ⊗ (d˙λ + Λλ
ρ
µ x˙ρ d
µ) + C (d˙λ + Λλ
ρ
µ x˙ρ d
µ)⊗ dλ ,
where A,B,C, Ci, Fi, Gi, Hj, i = 1, 2, 3, j = 1, 2, are real constants.
Proof. Let us denote by S = IRm∗×⊗2IRm∗×IRm∗⊗IRm×IRm⊗IRm∗×⊗2IRm the standard
fibre of ⊗2T ∗(T ∗M). The coordinates on S will be denoted by (x˙λ, φλµ, φλ
µ¯, φλ¯µ, φ
λ¯µ¯). Then
we have the following action of the group G2m on S
¯˙xλ = a˜
µ
λ x˙µ ,
φ¯λµ = a˜
ρ
λ a˜
σ
µ φρσ + a
ρ
λ a
α
σβ a˜
β
µ a˜
κ
α x˙κ φρ
σ¯ + aσµ a
α
ρβ a˜
β
λ a˜
κ
α x˙κ φ
ρ¯
σ
+ aαρβ a˜
β
λ a˜
κ
α x˙κ a
γ
σδ a˜
δ
µ a˜
ν
γ x˙ν φ
ρ¯σ¯ ,
φ¯λ
µ¯ = a˜ρλ a
µ
σ φρ
σ¯ + aµσ a
α
ρβ a˜
β
λ a˜
κ
α x˙κ φ
ρ¯σ¯ ,
φ¯λ¯µ = a
λ
ρ a˜
σ
µ φ
ρ¯
σ + a
λ
ρ a
α
σβ a˜
β
µ a˜
κ
α x˙κ φ
ρ¯σ¯ ,
φ¯λ¯µ¯ = aλρ a
µ
σ φ
ρ¯σ¯ .
First let us discuss φλ¯µ¯. We have, by Corollary 5.1,
φλ¯µ¯ = φλ¯µ¯(x˙λ, Λ˜µ
λ
ν , Tµ
λ
ν , Tµ
λ
ν,σ, R˜ν
ρ
λµ;σ1;...;σi, Tµ
λ
ν;σ1;...;σj ) ,
i = 0, . . . , r − 1, j = 2, . . . , r. The equivariance with respect to homotheties (c δλµ) implies
c2 φλ¯µ¯ = φλ¯µ¯(c−1 x˙λ, c
−1 Λ˜µ
λ
ν , c
−1 Tµ
λ
ν , c
−2 Tµ
λ
ν,σ, c
−(i+2) R˜ν
ρ
λµ;σ1;...;σi , c
−(j+1) Tµ
λ
ν;σ1;...;σj)
which implies, by the homogeneous function theorem, [5], that φλ¯µ¯ is a polynomial of orders
a in x˙λ, b in Λ˜µ
λ
ν , c0 in Tµ
λ
ν , c1 in Tµ
λ
ν,σ, di in R˜ν
ρ
λµ;σ1;...;σi and ej in Tµ
λ
ν;σ1;...;σj such that
2 = −a− b− c0 − 2 c1 −
r−1∑
i=0
(i+ 2) di −
r∑
j=2
(j + 1) ej .(5.2)
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The equation (5.2) has no solution in natural numbers, so we get by the homogeneous
function theorem that φλ¯µ¯ is independent of all variables and so it have to be absolute
invariant, hence
φλ¯µ¯ = 0 .
For φλ
µ¯ and φλ¯µ we get from the equivariancy with respect to the homotheties (c δ
λ
µ) that
they are polynomials of orders satisfying
0 = −a− b− c0 − 2 c1 −
r−1∑
i=0
(i+ 2) di −
r∑
j=2
(j + 1) ej .(5.3)
So also φλ
µ¯ and φλ¯µ are independent of all variables and they have to be absolute invariant,
hence
φλ
µ¯ = B δµλ , φ
λ¯
µ = C δ
λ
µ .(5.4)
Finally φλµ has to be a polynomial of orders satisfying
− 2 = −a− b− c0 − 2 c1 −
r−1∑
i=0
(i+ 2) di −
r∑
j=2
(j + 1) ej .(5.5)
There are 8 possible solutions of (5.5):
a = 2 and the others exponents vanish;
a = 1, b = 1 and the others exponents vanish;
a = 1, c0 = 1 and the others exponents vanish;
b = 2 and the others exponents vanish;
b = 1, c0 = 1 and the others exponents vanish;
c0 = 2 and the others exponents vanish;
c1 = 1 and the others exponents vanish;
d0 = 1 and the others exponents vanish.
It implies that the maximal order of the operator is one and φλµ is of the form
φλµ = A
ρσ
λµ x˙ρ x˙σ +B
ρωτ
λµκ x˙ρ Λ˜ω
κ
τ + C
ρωτ
λµκ x˙ρ Tω
κ
τ
+Dω1τ1ω2τ2λµκ1κ2 Λ˜ω1
κ1
τ1 Λ˜ω2
κ2
τ2 + E
ω1τ1ω2τ2
λµκ1κ2
Λ˜ω1
κ1
τ1 Tω2
κ2
τ2
+ F ω1τ1ω2τ2λµκ1κ2 Tω1
κ1
τ1 Tω2
κ2
τ2 +G
ωτǫ
λµκ Tω
κ
τ,ǫ +H
ωτǫ
λµκ R˜ω
κ
τǫ ,
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where Aρσλµ, . . . , H
ωτǫ
λµκ are absolute invariant tensors, i.e.,
φλµ = A x˙λ x˙µ +B1 x˙λ Λ˜ρ
ρ
µ +B2 x˙µ Λ˜ρ
ρ
λ +B3 x˙ρ Λ˜λ
ρ
µ
+ C1 x˙λ Tρ
ρ
µ + C2 x˙µ Tρ
ρ
λ + C3 x˙ρ Tλ
ρ
µ
+D1 Λ˜ρ
ρ
λ Λ˜σ
σ
µ +D2 Λ˜σ
ρ
λ Λ˜ρ
σ
µ +D3 Λ˜ρ
ρ
σ Λ˜λ
σ
µ
+ E1 Λ˜ρ
ρ
λ Tσ
σ
µ + E2 Λ˜σ
ρ
λ Tρ
σ
µ + E3 Λ˜ρ
ρ
σ Tλ
σ
µ
+ E4 Λ˜ρ
ρ
µ Tσ
σ
λ + E5 Λ˜σ
ρ
µ Tρ
σ
λ + E6 Λ˜λ
ρ
µ Tρ
σ
σ
+ F1 Tρ
ρ
λ Tσ
σ
µ + F2 Tσ
ρ
λ Tρ
σ
µ + F3 Tρ
ρ
σ Tλ
σ
µ
+G1 Tρ
ρ
λ,µ +G2 Tρ
ρ
µ,λ +G3 Tλ
ρ
µ,ρ
+H1 R˜ρ
ρ
λµ +H2 R˜λ
ρ
ρµ .
The equivariancy with respect to (δλµ, a
λ
µν) implies B1 = B2 = 0, B3 = B+C,Di = 0, E1 =
E4 = 0, E2 = G3, E3 = −G3, E5 = −G3, E6 = −(G1 + G2) and the others coefficients are
arbitrary. Then
φλµ = A x˙λ x˙µ + (B + C) Λλ
ρ
µ x˙ρ + C1 x˙λ Tρ
ρ
µ + C2 x˙µ Tρ
ρ
λ + C3 x˙ρ Tλ
ρ
µ
+ F1 Tρ
ρ
λ Tσ
σ
µ + F2 Tσ
ρ
λ Tρ
σ
µ + F3 Tρ
ρ
σ Tλ
σ
µ
+G1 (Tρ
ρ
λ,µ − Λ˜λ
ρ
µ Tρ
σ
σ) +G2 (Tρ
ρ
µ,λ − Λ˜µ
ρ
λ Tρ
σ
σ)
+G3 (Tλ
ρ
µ,ρ + Λ˜σ
ρ
λ Tρ
σ
µ − Λ˜ρ
ρ
σ Tλ
σ
µ − Λ˜σ
ρ
µ Tρ
σ
λ)
+H1 R˜ρ
ρ
λµ +H2 R˜λ
ρ
ρµ ,
φλ
µ¯ = B δµλ , φ
λ¯
µ = C δ
λ
µ , φ
λ¯µ¯ = 0 ,
which is the equivariant mapping corresponding to (5.1). 
Remark 5.4. Let us note that the canonical symplectic form ω of T ∗M is a special case
of (5.1). Namely, for C = −B 6= 0 and the other coefficients vanish we get just the scalar
multiple of ω = dλ ⊗ d˙λ − d˙λ ⊗ d
λ.
The invariant description of the tensor fields (5.1) is the following. We have the canonical
Liouville 1-form on T ∗M given in coordinates by
θ = x˙λ d
λ .
The operator standing by A is then θ ⊗ θ.
Λ gives 3-parameter family of (1,2) tensor fields on M , [5], given by
S(Λ) = C1 ITM ⊗ Tˆ + C2 Tˆ ⊗ ITM + C3 T ,(5.6)
where Tˆ is the contraction of the torsion tensor and ITM :M → TM ⊗T
∗
M is the identity
tensor. Then the the evaluation 〈S(Λ), u〉 gives three operators standing by C1, C2, C3.
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The connection Λ defines naturally the following 8 parameter family of (0,2)-tensor fields
on M , [5], given by
G(Λ) = F1C
12
13(T ⊗ T ) + F2C
12
31(T ⊗ T ) + F3C
12
12 (T ⊗ T )
+G1C
1
1∇˜T +G2C
1
1∇˜T +G3C
1
3∇˜T
+H1C
1
1R[Λ˜] +H2C
1
2R[Λ˜] ,
where C ijkl is the contraction with respect to indicated indices and C
1
1∇˜T denotes the conju-
gated tensor obtained by the exchange of subindices. The second 8-parameter subfamily of
operators from (5.1) is then given by the pullback of G(Λ) to T ∗M .
The last two operators are given by the vertical projection
ν[Λ∗] : T ∗M → T ∗T ∗M ⊗ V T ∗M , ν[Λ∗] = (d˙λ + Λλ
ρ
µ x˙ρ d
µ)⊗ ∂˙λ
associated with the connection Λ∗ dual to Λ. Two possible contractions of ν[Λ∗] ⊗ ω give
the last two operators.
Remark 5.5. For a symmetric connection Λ the family (5.1) reduces to 5-parameter family.
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